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One of the simplest way to extend 4D cosmological models is to add another spatial dimension to make them
5D. In particular, it has been shown that the simplest of such 5D models, i.e., one in which the right hand side
of the Einstein equation is empty, induces a 4D nonempty Universe. Accordingly, the origin of matter in the
4D real Universe might be mathematically attributed to the existence of one (fictitious) extra spatial dimension.
Here we consider the case of an empty 5D Universe possessing a cosmological constant Λ and obtain exact
solutions for both positive and negative values of Λ. It is seen that such a model can naturally reduce to a
power law ΛCDM model for the real Universe. Further, it can be seen that, the arbitrary constants and functions
appearing in this model are endowed with definite physical meanings.
PACS numbers: 04.50.+h,98.80.-k
I. INTRODUCTION
It is very likely that the expansion of our Universe is cur-
rently in an accelerating phase, supported by the most direct
evidence from the measurements of type Ia supernova, and
others such as the observations of CMB by the WMAP satel-
lite, large-scale galaxy surveys by 2dF and SDSS [1, 2, 3]. But
now the mechanisms responsible for the accelerating expan-
sion are not very clear. Many authors introduce a mysterious
cosmic fluid called dark energy to explain this (see Ref. [4]
for a review). On the other hand, some authors suggest that
maybe there does not exist such mysterious dark energy, but
instead the observed cosmic acceleration is a signal of our first
real lack of understanding of gravitational physics [5]. An
example is the braneworld theory with the extra dimensions
compactified or noncompactified [6, 7, 8]. Many cosmologi-
cal models are inspired from the string theory, which may be
incorrect at the worst and speculative at the best [9]. Despite
the apparent evidence for an accelerated expansion, there is
also some “neglected” but important experimental evidence
against the Λ Cold Dark Matter (ΛCDM) model, which is the
mainstream model in cosmology [10]. Nevertheless, given the
presently popular notion, it is reasonable to study the cosmo-
logical models that can be reduced to the ΛCDM model, as in
our previous works [11] and the present one.
Space-Time-Matter (STM) theory [12, 13, 14, 15] suggests
that our Universe is a four-dimensional (4D) hyperspace em-
bedded in a 5D Ricci-flat manifold, i.e., the matter in the 4D
real Universe is induced by a 5D Ricci-flat Universe. Leon has
shown that the braneworld theory and the induced-matter the-
ory are actually equivalent [16]. Solutions of the 5D Einstein
equation without any matter source can always be regarded
as solutions of the corresponding 4D gravitational field equa-
tions with the induced matter, as the Compbell theorem indi-
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cates [17]. However, in the previous work the 5D Universe
is assumed to be Ricci flat, i.e., without a 5D cosmological
constant. In the present work, we assume that a cosmological
constant exists in the 5D Universe as a more general case to
study the features of the model, and demonstrate that the re-
duction to the 4D real Universe can be realized by a simple
choice of the arbitrary functions in the metric. At the same
time, each function and constant in the metric separately pos-
sesses explicit physical meanings.
The paper is planned as follows. In the next section we re-
view how a solution of 5D Ricci-flat Universe in the induced-
matter theory can be used to generate a simple 4D cosmology.
In section 3 we give the exact solutions of the 5D Universe
with a cosmological constant and study the new features. The
last section devotes discussions and conclusions for the gen-
eral framework studies to this toy model.
II. 5D RICCI-FLAT UNIVERSE
Firstly, we summarize some basics of STM theory [12, 13,
14, 15], as a preparation for our work. STM theory starts with
a solution of Einstein’s equation in 5D Ricci-flat spacetime,
Rab = 0, (1)
where the subscript indices run from 0 to 4. A new class of so-
lution for Eq. (1), which extends the FRW solutions, is given
in Ref. [14] (and we take their conventions hereafter, i.e., we
work in natural units where c = 8piG = 1):
ds2 = B2dt2 − A2
(
dr2
1 − kr2 + r
2dΩ2
)
− dy2, (2)
A2(t, y) = (µ2 + k)y2 + 2νy + ν
2 + K
µ2 + k
, (3)
B(t, y) = 1
µ
∂A
∂t
≡
˙A
µ
. (4)
Here µ = µ(t) and ν = ν(t) are arbitrary functions, k is the 3D
curvature index (k = ±1, 0) and K is a constant that relates the
25D Kretschmann invariant as the form RabcdRabcd = 72K2/A8,
which shows that K determines the curvature of the 5D man-
ifold. This framework has been intensely studied in the liter-
ature [15, 18, 19]. The spacetime geometry is encoded in the
functions A and B, which are dependent on the extra dimen-
sion y. Since the form of Bdt is invariant under an arbitrary
transformation t = t(˜t), one of the two arbitrary functions µ(t)
and ν(t) can be fixed without changing the generality of the
solution. Here µ(t) = 0 corresponds to a singularity, and if a
Z2 symmetry of the metric with respect to the extra dimension
y is required, the another free function ν(t) must disappear.
The corresponding 4D line element is
ds24 = gαβdx
αdxβ = B2dt2 − A2
(
dr2
1 − kr2 + r
2dΩ2
)
, (5)
which is similar to the Robertson-Walker metric and thus un-
derlies the standard FRW models. We can calculate the non-
vanishing components of the 4D Ricci tensor and its corre-
sponding scalar. The 4D Einstein tensor (4)Gα
β
≡ (4)Rα
β
−
δα
β
(4)R/2 with its non-vanishing components is
(4)G00 =
3(µ2 + k)
A2
, (6)
(4)G11 =
(4)G22 =
(4)G33 =
2µµ˙
A ˙A
+
µ2 + k
A2
. (7)
These give the components of the induced energy-momentum
tensor since Einstein’s equation Gα
β
= Tα
β
holds. Provided that
the induced matter is described by a perfect fluid with density
ρ and pressure p moving with a 4-velocity uα ≡ dxα/ds, plus
a cosmological term whose nature is to be determined, the
energy-momentum tensor is given by
(4)Gαβ = (ρ + p)uαuβ + (ρΛ − p)gαβ. (8)
The above framework provides special cases with con-
frontations to physics observations. For a braneworld model,
the authors of Ref. [20] have studied a solution that incor-
porates the Z2 reflection symmetry condition gαβ(xγ, y) =
gαβ(xγ,−y), which can be achieved directly by setting ν = 0 in
the metric solution. Different choices and the corresponding
forms of A(t, y) and B(t, y) may give differently concrete mod-
els, which can be found in Refs. [12, 15, 18, 19]. At present
we are most interested in the evolution of the Universe includ-
ing the so called “dark energy” (if it really exists without the
possible new signature that our gravity is to be modified at
cosmic scale).
III. REDUCTION TO ΛCDM MODEL IN THE 5D
UNIVERSE WITH COSMOLOGICAL CONSTANT
We assume that a cosmological constant Λ exists in the 5D
Universe as a more general case. Starting with the ansatz of
Eq. (2), we solve Einstein’s equation Rab − 12 gabR = Λgab and
obtain the solution for Λ > 0,
A(t, y)2 = 2(µ
2 + k)(1 − cos λy)
λ2
+
2v sin λy
λ
+
2[µ2 + k −
√
(µ2 + k)2 − λ2(ν2 + K)] cosλy
λ2
, (9)
where λ =
√
6Λ/3, µ = µ(t) and ν = ν(t). And B(t, y) = ˙A/µ
remains unchanged. For the case Λ < 0, by defining λ =√
6|Λ|/3, the solution is
A(t, y)2 = 2(µ
2 + k)(coshλy − 1)
λ2
+
2v sinhλy
λ
+
2[
√
(µ2 + k)2 + λ2(ν2 + K) − (µ2 + k)] coshλy
λ2
, (10)
These solutions can be reduced to Eq. (3) by taking the limit
λ → 0. We will show that the positive Λ induces a positive
cosmological constant in the 4D Universe under some condi-
tions. For simplicity we first consider the case k = K = y = 0;
then
A2 =
2(µ2 −
√
µ2 + λ2ν2)
λ2
. (11)
Now we substitute the simple choice of µ(t) and ν(t)
µ(t) = ˙A, ν(t) =
√
CA, (12)
where C is a parameter, to Eq. (11). After some arrangements,
this solution can be naturally reduced to the form
H2 = CA−3 + λ
2
4
= H20[ΩmA−3 + ΩΛ], (13)
where H = ˙A/A, Ωm = C/H20 , and ΩΛ = Λ/(6H20). This is es-
sentially the ΛCDM model, and the cosmological constant in
the 5D Universe contributes a term as the cosmological con-
stant in the 4D real Universe.
In the general case, taking y = 0 in Eq. (9) gives
A2 =
2[µ2 + k −
√
(µ2 + k)2 − λ2(ν2 + K)]
λ2
. (14)
By substituting Eq. (12) in Eq. (14), we obtain
H2 = CA−3 − kA−2 + KA−4 + λ
2
4
= H20[ΩmA−3 −ΩkA−2 + ΩK A−4 + ΩΛ], (15)
where Ωk = k/H20 and ΩK = K/H20 . It turns out that the
constant K contributes a term that describes radiation. Con-
ventionally, the redshift is defined by z = 1/A − 1, thus
A−1 = 1+z. Compared with the expression of H2 for the power
lawΛCDM model, we can see that from this 5D Universe with
cosmological constant, the arbitrary functions and constants
in the metric are endowed with explicit physical meanings,
which are summarized in Table I.
3TABLE I: Physical meanings of functions and constants in the metric
of the 5D Universe
Functions or constants Physical meanings Terms in H2
µ(t) = ˙A Velocity
ν(t) = √CA Matter (dust) Ωm(1 + z)3
k Curvature Ωk(1 + z)2
K Radiation ΩK(1 + z)4
Λ Cosmological constant ΩΛ
The reduction to the ΛCDM model can be also realized in
5D Ricci-flat Universe by the choice
µ(t) = ˙A, ν(t) = ˜H(z)A2, (16)
where ˜H(z) describes the ΛCDM model as
˜H(z)2 = H20[Ωm(1 + z)3 + 1 −Ωm]. (17)
Thus, the general case with y = 0 gives
H(z)2 = ˜H(z)2 − k(1 + z)2 + K(1 + z)4. (18)
Of course we can encode more physics in the function ν(t), but
in the 5D Universe with cosmological constant, each arbitrary
function and constant separately possesses physical meanings,
which is more elegant.
IV. CONCLUSION
We have presented the exact solutions of embedding the
4D Universe in a 5D Einstein manifold, and investigated the
5D cosmological model with cosmological constant and the
reduction to the power law ΛCDM model for the 4D real Uni-
verse. As a generalization of the 5D Ricci-flat solution in
STM theory, the 5D solution with cosmological constant has
new phenomenological features. Each function and constant
in the metric can separately possess explicit physical mean-
ings when we perform a 4D reduction. We can also study the
general properties of the induced matter as the contents in our
Universe, without specifying the form of the arbitrary func-
tions. The phantom case can also be realized, for example,
the equation of state parameter w = p/ρ < −1, if we take
λ = k = ν = 0 and K = 1. We think this picture is in confor-
mity with other models to explain the late-time accelerating
expansion of our Universe, thus it is worth of further endeav-
ors.
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